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Résumé :
Les turbulences dans un fluide fortement stratifié sont analysées au moyen d’un modèle statistique en deux points
(EDQNM). Puisque l’échelle horizontale de longueur est beaucoup plus large que l’échelle verticale, les cordon-
nées cylindriques sont utilisées.
1 Introduction
In order to shed further light on the energy cascade, and the partition of energy, in strongly
stratified flows a fairly straightforward two-point closure procedure is used to develop a model
for the turbulent spectra involved in these phenomena. The starting point for this analysis con-
sists of the dynamical equations for the second- and third-order spectra of fluctuating velocity
and temperature fields which satisfy the Boussinesq equations in the absence of rotation. These
equations are closed at the third-order level using the EDQNM procedure; linear ‘eddy’ damp-
ing (ED) and Markovianization (M). Despite its historical origins the EDQNM closure can be
said to consist of a linear-relaxation model for higher-order non-linear terms rather than of
quasi-normal cumulant discard. The EDQNM procedure has thus some plausibility as a pre-
dictive theory and not just as a ‘post-dictive’ computational tool. Godeferd & Cambon (1994)
have previously analysed EDQNM models for moderately stratified turbulence (using spherical
coordinates in wave-number space). One particular difficulty in applying the EDQNM closure
procedure to stratified turbulence lies in the possible distinction between internal gravity waves
and turbulence which manifests itself explicitly in the influence of linear buoyancy terms on the
spectral transfer functions. The work of Cambon, Godeferd and co-workers sheds considerable
light on this problematic area.
More recently, Billant & Chomaz (2001) and Lindborg (2006) have demonstrated that the
vertical and horizontal lengthscales of strongly stratified turbulence satisfy,
`v ∼ Frh`h as Frh → 0,
where Frh is the horizontal Froude number. This strong contrast in lengthscales, `h À `v,
implies that three-dimensional cylindrical coordinates are a more suitable framework for the
analysis than spherical polar coordinates. (The drawback is that it is no longer possible to
use the elegant formalism of Craya.) In contrast to Godeferd & Cambon (1994) we write the
general equations for statistically axisymmetric turbulence in cylindrical coordinates, following
Lindborg (1995), and thus develop explicit models for all the relevant spectral transfers in terms
of quadratic, or bilinear, integral functions of the scalar spectral energy densities of horizontal
velocity, vertical velocity and gravitational potential energy.
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2 Boussinesq equations
The instantaneous velocity field, u(~x, t), satisfies the continuity condition,
∇.~u = 0 , (1)
and the Navier-Stokes equation,
∂~u
∂t
+ ~u.∇ ~u = −∇p′ + Nu% eˆ + ν∇2~u , (2)
where p′ denotes the reduced pressure, p′ = (p − p0)/%0. Following Lindborg (2006), the
buoyancy term has been written in terms of the rescaled density fluctuation u% defined by,
Nu% = − %
′
%0
g, (3)
where N is the Brunt-Väisälä frequency. The quantity u% has thus the physical dimension of
velocity and satisfies the transport equation,
∂u%
∂t
+ ~u.∇u% = −N~u.eˆ + ν
σ%
∇2u% , (4)
where σ% is the relevant Prandtl or Schmidt number.
3 Wavenumber spectra
For homogeneous turbulence, second-order wavenumber spectra are defined by the spectral
representations, 〈
ui(~x, t)uj(~x+~r, t)
〉
=
∫
Φ̂
(uu)
ij (~κ, t) exp(i~κ.~r) d
3~κ , (5)〈
ui(~x, t)u%(~x+~r, t)
〉
=
∫
Φ̂
(u%)
i (~κ, t) exp(i~κ.~r) d
3~κ , (6)
and, 〈
u%(~x, t)u%(~x+~r, t)
〉
=
∫
Φ̂(%%)(~κ, t) exp(i~κ.~r) d3~κ , (7)
where all the integrals are carried out over the whole of three-dimensional wavenumber space.
The continuity condition (1) implies that the tensor Φ̂(uu)ij (~κ, t) and the vector Φ̂(u%)i (~κ, t) are
orthogonal to ~κ.
The Navier-Stokes equation (2) leads to,{
∂
∂t
+ 2νκ2
}
Φ̂
(uu)
ij (~κ, t) = iκl∆im(~κ)
∫
Φ̂
(uuu)
lmj (~κ
′, ~κ, t) d3~κ′ (8)
− iκl∆jm(~κ)
∫
Φ̂
(uuu)
lim (−~κ,~κ′, t) d3~κ′
+Nen∆in(~κ) Φ̂
(u%)
j (−~κ, t) + Nen∆jn(~κ) Φ̂(u%)i (~κ, t) .
The Navier-Stokes equation (2) together with the transport equation (4) lead to,{
∂
∂t
+
1 + σ%
σ%
νκ2
}
Φ̂
(u%)
i (~κ, t) = iκl∆im(~κ)
∫
Φ̂
(uu%)
lm (~κ
′, ~κ, t) d3~κ′ (9)
− iκl
∫
Φ̂
(uu%)
li (−~κ,~κ′, t) d3~κ′
+Nen∆in(~κ) Φ̂
(%%)(~κ, t) − NenΦ̂(uu)in (~κ, t) .
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The transport equation (4) leads to,{
∂
∂t
+
2
σ%
νκ2
}
Φ̂(%%)(~κ, t) = iκl
∫
Φ̂
(u%%)
l (~κ
′, ~κ, t) d3~κ′ (10)
− iκl
∫
Φ̂
(u%%)
l (−~κ,~κ′, t) d3~κ′
−NenΦ̂(u%)n (~κ, t) − NenΦ̂(u%)n (−~κ, t) .
In eqs (8)–(10),
∆ij(~κ) = δij − κiκj
κ2
, (11)
and the second contribution to ∆ij(~κ) is effectively a pressure term which ensures that the
continuity condition is satisfied.
4 The EDQNM closure procedure
The second-order dynamical equations (8)–(10) contain third-order spectra, Φ̂(uuu)ijk (~κ2, ~κ3, t),
Φ̂
(uu%)
ij (~κ2, ~κ3, t) and Φ̂
(u%%)
i (~κ2, ~κ3, t), which are defined in a way which is totally analogous to
the definitions of the second-order spectra in eqs (5)–(7). The EDQNM closure procedure is
carried out at the level of the dynamical equations for these third-order spectra. These equations
contain fourth-order spectral moments and the ‘QN’ step can be said to consist of rewriting these
moments in terms of fourth-order cumulants and a quasi-normal remainder. The third-order
equations then have the general form,{
∂
∂t
+ 3νκ2
}
〈uˆuˆuˆ〉 = ΩQN + C(4) + LN ,
where LN is the linear term expressing the effects of buoyancy. Closure is achieved by mod-
elling the term containing fourth-order cumulants as linear relaxation, C(4) = −θ 〈uˆuˆuˆ〉, (‘Eddy
Damping’) and assuming quasi-equilibrium (Markovianisation). This results in linear algebraic
equations for the third-order spectra,(
θ + 3νκ2
)
〈uˆuˆuˆ〉 − LN = ΩQN = Σ 〈uˆuˆ〉〈uˆuˆ〉 ,
in which the rate of eddy-damping, θ, has to be modelled. The third-order spectra are thus
expressed as sums of products of second-order spectra. See, e.g., Godeferd & Cambon (1994)
and references therein for further details.
5 Axial symmetry
All the second-order spectra must be proper (‘isotropic’) tensor functions of the wavenumber
vector, ~κ, and the unit vector eˆ. The scalar combinations of these two vectors are denoted,
κv = ~κ.eˆ = κiei , (12)
and κh defined by,
κ2 = κ2h + κ
2
v , (13)
so that κh and κv are just the horisontal and vertical components of the wavenumber vector,
~κ. Three-dimensionsal axisymmetry becomes more apparent when the equations are written in
terms of ~κ(h) defined by,
~κ = ~κ(h) + κveˆ, (14)
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and δ(hh)ij defined by,
δij = δ
(hh)
ij + eiej . (15)
In terms of ~κ(h) and δ(hh)ij the expression for the spectral tensor is,
Φ̂
(uu)
ij (~κ, t) = Φ̂
(hh)(κh, κv, t) ∆
(hh)
ij
(
~κ(h)
)
(16)
+ Φ̂(vv)(κh, κv, t)
1
κ4h
{
κ4heiej − κ2hκ2vδ(hh)ij −
κ2hκv
(
κ
(h)
i ej+κ
(h)
j ei
)
+ 2κ2vκ
(h)
i κ
(h)
j
}
,
where,
∆
(hh)
ij
(
~κ(h)
)
= δ
(hh)
ij −
κ
(h)
i κ
(h)
j
κ2h
, (17)
following the definition of ∆ij(~κ) in eq. (11). The scalars Φ̂(hh) and Φ̂(vv) are defined by the
trace,
Φ̂
(uu)
kk (~κ, t) = 2 Φ̂
(hh)(κh, κv, t) + Φ̂
(vv)(κh, κv, t) , (18)
and the projection,
Φ̂(vv)(κh, κv, t) = Φ̂
(uu)
ij (~κ, t) eiej . (19)
Both these scalars are real, and both are even functions of κv.
The spectral velocity-density correlation vector has the form,
Φ̂
(u%)
j (~κ, t) = Φ̂
(v%)(κh, κv, t)
{
ej − κv
κ2h
κ
(h)
j
}
, (20)
where the scalar velocity-density spectrum, Φ̂(v%), is defined by the projection,
Φ̂(v%)(κh, κv, t) = Φ
(u%)
j (~κ, t) ej . (21)
Both this scalar and the density-density spectrum,
Φ̂(%%)(~κ, t) = Φ̂(%%)(κh, κv, t), (22)
are real, and both are even functions of κv.
The dynamical equation (8) leads to,{
∂
∂t
+ 2νκ2
}
Φ̂(hh)(κh, κv, t) = T
(hh)(κh, κv, t), (23)
and, {
∂
∂t
+ 2νκ2
}
Φ̂(vv)(κh, κv, t) = T
(vv)(κh, κv, t) + 2N
κ2h
κ2
Φ̂(v%)(κh, κv, t), (24)
for the scalar velocity-velocity spectra. The terms T (hh) and T (vv) denote spectral transfer be-
tween wavenumbers. In their exact form they consist of integrals of third-order spectra. In the
EDQNM model they are expressed in terms of second-order spectra.
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The projection of the dynamical equation (9) onto the unit vector eˆ yields,{
∂
∂t
+
1 + σ%
σ%
νκ2
}
Φ̂(v%)(κh, κv, t) = T
(v%)(κh, κv, t) (25)
+N
κ2h
κ2
Φ̂(%%)(κh, κv, t) − N Φ̂(vv)(κh, κv, t),
while the dynamical equation (10) can be written in the form,{
∂
∂t
+
2
σ%
νκ2
}
Φ̂(%%)(κh, κv, t) = T
(%%)(κh, κv, t) − 2N Φ̂(v%)(κh, κv, t). (26)
In these equations, the terms T (v%) and T (%%) denote spectral transfer between wavenumbers.
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